We study the exclusive electroproduction of a photon pair in the kinematical regime where the diphoton invariant mass is large and where the nucleon flies almost in its original direction. We discuss the relative importance of the QCD process where the two photons originate from a quark line compared to the single (double) Bethe-Heitler processes where one (two) photons originate from the lepton line. This process turns out to be a promising tool to study generalized parton distributions in the nucleon, both at the medium energy of JLab and at a high energy electron ion collider.
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I. INTRODUCTION
Hard electroproduction processes are a powerful probe of the hadronic structure. Their understanding in the framework of the QCD collinear factorization of hard amplitudes in specific kinematics in terms of generalized parton distributions (GPDs) and hard perturbatively calculable coefficient functions [1, 2] offers a way to access the inner structure of nucleons and light nuclei.
In a previous work [3, 4] , we studied the exclusive photoproduction of two photons on an unpolarized proton or neutron target γ(q, ) + N (P 1 , s 1 ) → γ(k 1 , 1 ) + γ(k 2 , 2 ) + N (P 2 , s 2 ) ,
in the kinematical regime of large invariant diphoton squared mass M 2 γγ = (k 1 + k 2 ) 2 of the final photon pair and small momentum transfer t = (P 2 − P 1 ) 2 between the initial and the final nucleons. This process shares many features with timelike Compton scattering (TCS), the photoproduction of a large mass lepton pair [5] . We enlarge our study to the more general case of electroproduction e(k, λ) + N (P 1 , s 1 ) → e (k , λ) + γ(k 1 , 1 ) + γ(k 2 , 2 ) + N (P 2 , s 2 ) ,
which generalizes the real photoproduction process (1) to the virtual photon case γ * (q, ) + N (P 1 , s 1 ) → γ(k 1 , 1 ) + γ(k 2 , 2 ) + N (P 2 , s 2 ) ,
with q = k − k and q 2 = 0. As will be demonstrated below, this reaction has a number of interesting features, both for moderate energy in the JLab domain and for the high energy domain of a future electron-ion collider (EIC) [6] , and can be used as an important source of information for future programs aiming at the extraction of GPDs [7] . There are three processes contributing to the reaction (2), namely the QCD process of Fig. 1 where the two photons are emitted from a quark, the single Bethe-Heitler process of Fig. 2 where one photon is emitted from a lepton and the other photon from a quark, and the double Bethe-Heitler process of Fig. 3 where the two photons originate from a lepton. As demonstrated below, their relative importance depends very much on the kinematical conditions, and particularly on the value of
The plan of this paper is the following. In section II, we review the kinematics of the reaction. Section III presents the calculation of the amplitudes of the three processes which contribute and shows the main features of their contributions to the differential cross-sections. In section IV, we compare their relative contributions to the differential cross section from medium (JLab) to high (EIC) energies and examine to which extent the quasi-real electroproduction of a large mass diphoton can be described by the photoproduction cross-section with the known flux of Weizsäcker-Williams equivalent photons. Section V gathers some conclusions. Appendix presents the spinor techniques used in our calculations.
II. KINEMATICS
Let us first present the kinematics of the process (2) . It is most similar to the one of double deeply virtual Compton scattering (DDVCS) [8] . We decompose every momenta on a Sudakov basis as with p and n the light-cone vectors
and
The particle momenta, in the chosen reference frame, read
where M is the mass of the nucleon and ξ is the skewness parameter. We define the momentum transfer ∆ µ = P µ 2 −P µ 1 . In the γγ center of mass system, we define the angles θ γγ , φ γγ as the polar and azimuthal angles of γ(k 1 ). Since the azymuthal dependence of the process can only depend on the difference φ γγ − φ, we fix by convention φ = 0.
The total center-of-mass energy squared of the electron-nucleon system S eN is, neglecting terms of order M 2 /S eN or t/S eN :
and the skewness parameter equals
Since we here enlarge our previous study of the photoproduction process, we define the large (factorization) scale as
which, as usual, is quite arbitrary but sufficient for a leading order computation; t = ∆ 2 is kept small with respect to this scale. We will write the differential cross-section of the process as
Momentum conservation puts a lower value to y since yS eN must be larger than M 2 γγ . For JLab energies, this y min is not small.
III. THE PRODUCTION PROCESSES
We choose to calculate, at leading order in α em and α S , the amplitudes of the three contributing processes following the Kleiss-Sterling spinor techniques [9] , with the external photon polarization vectors in the gauge defined by the p vector. Useful formulas are gathered in Appendix. This is to our knowledge the first time that this formalism is used for a hard exclusive process. We neglect everywhere the lepton mass. 
A. The QCD process
Calculating the amplitude of the QCD process follows the same lines as in the photoproduction case [3] . We detail in Appendix the case of the helicity amplitude (++ → + + −+). Other cases are similar. The simplified kinematical relations used to calculate the hard coefficient functions are :
Because of the charge conjugation properties of the (γ * , γ 1 , γ 2 ) system, the QCD process turns out to be sensitive only to the non-singlet combination of GPDs:
There is no contribution from the singlet quark, nor gluonic GPDs, at any order of the QCD calculation.
Let us now present some features of the contribution of the QCD process to the unpolarized differential cross-section dσ eN →e γγN dQ 2 dtdydφdM 2 γγ dΩγγ at t = t min (i.e. for ∆ T = 0), s = 20 GeV 2 . For numerical estimates we used the Goloskokov-Kroll model [10] for GPD H neglecting all other contributions (which were responsible for less then 1% of the cross section in the photoproduction case). Since, for very small values of Q 2 , this cross-section scales like 1/Q 2 , as it should following the Weizsäcker-Williams formula, the results for different small Q 2 values than presented on the plots can easily be deduced. The M 2 γγ dependence of the differential cross sections, shown in Fig. 4 for Q 2 = 10 −3 GeV 2 , follows an effective powerlike behaviour 1/M 2n γγ with n ≈ 3. We show on Fig. 5 the γγ angular dependence in the γγ center of mass system. The range in θ γγ is limited due to the requirement that the factorization scale for the single Bethe-Heitler process is high enough -as discussed in the section III B. The y−dependence shown in Fig.6 is quite weak (provided y > y min ). The magnitude of the cross section indicates that the discussed process is accessible in the currently running and designed experiments at JLAB and EIC.
B. The single Bethe-Heitler process
Some care is needed to apply the collinear factorization framework to calculate the QCD part of the single Bethe-Heitler amplitude of Fig. 2 . Indeed, the photon entering the hadronic part must be hard enough to justify a QCD description of the virtual Compton scattering sub-process γ * (q)N → γN . Sincẽ
one should distinguish the case where −q 2 is large enough to apply QCD factorization, and the converse case where a description in terms of nucleon polarizabilities [11] is more appropriate. In practice, we shall only consider the kinematics which prevent −q 2 from getting smaller than 1 GeV 2 , which is assured by choosing diphoton squared mass above 3 GeV 2 . One should define properly the kinematics so that the factorized formalism can be straightforwardly applied. This implies to define a new Sudakov basis where the γ * (q)N (P 1 ) define the (+, −) basis. We choose to do so with
so thatp ·ñ = p · n. The hard part is independent of these variations on the Sudakov vector n. Then we write the hadronic part of the single Bethe-Heitler amplitude with the replacement
for the contribution of the H q (x, ξ, t) GPD, and similar terms for the contributions of other GPDs 1 .
As the usual DVCS amplitude, because of the charge conjugation properties of the (γ * , γ) system, the single Bethe-Heitler process turns out to be sensitive to the singlet combination of GPDs:
and (at higher order in α s ) will benefit from gluonic GPD contributions. NLO QCD corrections calculated for DVCS [13] can straightforwardly be applied to this process. The φ γγ dependence of the single Bethe Heitler process contribution is plotted on Fig. 7 . We show on Fig. 8 the y−dependence of the single Bethe-Heitler process contribution to the cross-section, for both very small and sizeable Q 2 (there is no curve for the M 2 γγ = 2 GeV 2 on the left plot, as the factorization scale is too small in that case for a description in terms of GPD). γγ dependence of the contribution of the double Bethe-Heitler process to the differential cross-section at θ = 3π/8, y = 0.8, for φγγ = 0 (first line) or φγγ = π/2 (second line), and for Q 2 = 1 (resp. 2) GeV 2 on the left (resp. right) panel.
As the Bethe-Heitler contribution to the DVCS amplitude, the double Bethe-Heitler contribution is expressed in terms of the known Dirac and Pauli electromagnetic form factors F 1 (∆ 2 ) and F 2 (∆ 2 ) as with
We calculate all the helicity amplitudes following the spinor techniques briefly described in the Appendix. For illustration, we show on Fig. 9 the M 2 γγ dependence of the contribution of the double Bethe-Heitler process to the differential cross-section. Since our calculation is valid without any restriction on kinematics, we show the differential cross section even for rather small values of M 2 γγ . This contribution decreases quite quickly with M γγ and is more sizeable when φ γγ is small.
IV. COMPARISON OF THE PROCESSES
The relative importance of the different processes contributing to eN → e γγN is illustrated in Fig. 10 where we plot the contributions of the three processes (neglecting their interferences) at a characteristic kinematical point. Their magnitude indeed depends much on the value of Q 2 . The QCD process (solid curve) dominates at very low Q 2 , the single Bethe-Heitler process (dashed curve) dominates at higher Q 2 while the double Bethe-Heitler process (dotted curve) is always much smaller than either the QCD or the single Bethe-Heitler process in the kinematical range we are interested in; we can thus neglect this latter contribution for any phenomenological purpose.
In the quasi-real photoproduction limit, we recover the results of our previous work [3] : the C-odd (valence) GPDs are accessed in a peculiar way, since the QCD amplitude is proportional to these GPDs taken at their border values x = ±ξ. By scrutinizing the Q 2 dependence of the single Bethe-Heitler and the QCD amplitudes, we can quantify what we mean by "quasi-real", which turns out to depend very much on the overall energy domain. One may conclude that one can safely apply the Weizsäcker-Williams equivalent photon approximation [14, 15] for Q 2 < 10 −3 GeV 2 at JLab but only for Q 2 < 10 −5 GeV 2 at EIC.
V. CONCLUSION
Our calculation of the leading order leading twist amplitude of reaction (2) has demonstrated that the electroproduction of a large invariant mass diphoton is an interesting process to analyze in the collinear factorization framework, both at current experimental facilities such as JLab and Compass at CERN, but also in future high energy experiments. The amplitude has very specific properties which should be very useful for future GPDs extractions programs e.g. [7] .
One may sum-up our results as
• On the one hand, the QCD process dominates the amplitude in the very small Q 2 domain for JLab energies. We quantified the maximal value of Q 2 for the Weizsäcker-Williams approximation to be valid. The conclusions written in our previous work on the photoproduction process then apply to an electroproduction experiment. For completeness, let us remind the reader that the main conclusion of this study is that the amplitude only depends of C-odd GPDs at the border values x = ±ξ.
• On the other hand, the single Bethe-Heitler process strongly dominates the amplitude in the domain where Q 2 is not extremely small, especially in the large energy domain of the EIC. We can then apply collinear QCD factorization to the amplitude provided that the virtuality of the exchanged photon is large enough and we verified that this was indeeed the case for large enough values of M 2 γγ , typically above 3 GeV 2 . In this window, the diphoton electroproduction coalesces to a deeply virtual Compton scattering but with the interesting difference that -because of the smallness of the double Bethe-Heitler amplitude -it is not anymore polluted by the Bethe-Heitler process which usually dominates the QCD process. This opens a new window for the extraction of C-even GPDs, and in particular for gluon GPDs which have been shown to give a large contribution in next to leading order (NLO) O(α S ) calculations [13] . This NLO study is however out of the scope of the present paper.
Although very important for the nucleon tomography program [16] , we did not detail the dependence on ∆ ⊥ which enters through the t−dependence of GPDs. Neither did we enter the discussion of higher twist effects, which should be taken into account as much as possible as in the DVCS case [12, 17] . Finally, let us stress that NLO QCD corrections are likely to be important and should definitely be computed before a sensible phenomenology of our process is undertaken. Together with a further hint of the factorization of our process, it should yield an intersting information on the analytic structure of these QCD corrections in a process where both timelike M 2 γγ and spacelike Q 2 scales coexist, in contradistinction with the DVCS vs TCS cases [18, 19] .
with the s(p 1 , p 2 ) = −t * (p 1 , p 2 ) products defined as :
so that s(p 1 , p 2 )s * (p 1 , p 2 ) = t(p 1 , p 2 )t * (p 1 , p 2 ) = 2p 1 · p 2 . The photon polarization vectors read in the p−gauge:
The amplitude is written as the product of the leptonic and hadronic parts
where the leptonic part reads 7) and the hadronic part reads, focusing on the contribution of the H(x, ξ, t) GPD,
The three diagrams of Fig.11 give the following contributions:
with the propagator denominators:
with D(x, ξ) = x − ξ + iε and where we denote ξ = ξ − Q 2 sy . Denoting 15) we get: Denoting the C-odd charge weighted GPD combination as: 17) we need the following integrals I(ξ) = that we evaluate numerically with the GPD parametrizations of Ref. [10] . The resulting expression for the helicity amplitude is then given by:
t(p 2 , p 1 )s(p 1 , p 2 ) M 2 s(p 1 , n)t(n, p 1 ) + t(p 2 , n)s(n, p 2 ) 8N 1 N 2 t(k, k 1 )s(k 2 , k ) 
